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ABSTRACT: We further discuss a rotating dual giant Wilson loop (D3-brane) solution
constructed in Lorentzian AdS by Drukker et al. The solution is shown to be composed of
a dual giant Wilson loop and a dual giant graviton by minutely examining its shape. Hence
it may be supposed that the dual gauge-theory operator should be a k-th symmetric Wilson
loop with insertions of dual giant graviton operators. To give a convincing argument for this
observation, the classical action of the solution should be evaluated in Euclidean signature.
For this purpose we perform a Wick rotation to the Lorentzian solution by following the
tunneling prescription and obtain Euclidean solutions attaching to a circle or a straight
line on the AdS boundary. The classical action contains a logarithmic divergence which
is proportional to the R-charge. It is consistent with the correlation function of the dual
giant graviton operators. Because of ambiguities concerning regularization, finite terms of
the action do not lead to conclusive evidence. However we may expect that the ambiguities
would cancel by subtracting the action of the D3-brane with a straight-line boundary from
that with a circular boundary. It is really shown that the difference is consistent with
the expectation value of the k-th symmetric Wilson loop. Although our analysis does not
specify the unique dual gauge-theory operator, we discuss possible candidates implied by
the D3-brane computation.
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1. Introduction

One of the long-standing ideas in particle physics is to make a connection between a

Wilson loop in gauge theory and a string-like object like in string theory. In the context of

AdS/CFT correspondence [1], it is proposed that the expectation value of the fundamental

Wilson loop is given by the “area law” of the fundamental string world-sheet attached

to the loop on the AdS boundary [2,3].

For straight lines and circular loops, the area



of the string world-sheet is shown to reproduce the expectation value of the Wilson loop
calculated by summing up the planar ladder diagrams in a large 't Hooft coupling limit
(A= Ngdy — ).

One may consider a multiply wrapped Wilson loop or a Wilson loop in higher-
dimensional representation [4]. It can carry a multiple winding number, say k, in terms of
the fundamental representation. Hence a natural candidate for its counterpart is a state
with string charge k. The multi-string state can be described as a spike D-brane solution
with non-trivial electric flux describing the string charge [5]. It is now proposed that an
anti-symmetric representation corresponds to an AdSyxS* D5-brane [6] called “giant Wil-
son loop,” and a symmetric representation to an AdSyxS? D3-brane [4,7,8] called “dual
giant Wilson loop.” The names are analogy to (dual) giant gravitons [9-11].

With the help of the string charge k, it is possible to consider a new double-scaling
limit, which is different from the usual large N limit. In the case of k-th symmetric
representation, k and N are taken to be large while keeping k = kvA/4N fixed. The
expectation value of the Wilson loop can be evaluated by using a Gaussian matrix model
and the result completely agrees with the classical action of a D3-brane solution in the
above limit [4].} Note that the classical action contains non-planar contributions in spite
of large N, because large k fundamental strings are bound on the D3-brane.

As another generalization, an R-charge J may be introduced in analogy with [18].
A string solution rotating in S® has been constructed as a counterpart of a fundamental
Wilson loop with local operator insertions Z7 and its Hermitian conjugate [19]. Here Z is
a complex scalar field in N’'=4 SYM and related to a U(1) R-charge. Then an open spin
chain description was discussed.

Remember that the expectation values of Wilson loops are usually discussed in Eu-
clidean signature. FEuclidean AdS is important also from the viewpoint of the bulk-
boundary correspondence for local operators with R-charge. When in Lorentzian signature,
the classical solutions that correspond to such operators are introduced at the center of AdS
and do not reach the boundary. That is why a double Wick rotation has to be performed
by following [20]. Then the bulk-boundary correspondence can be discussed by using the
semi-classical bulk modes propagating along the “tunneling trajectory,” connecting the two
points on the boundary.

The tunneling method is also applicable to the fundamental Wilson loop with local
operator insertions [21,22].2 The double Wick rotation for the Lorentzian solution [19] leads
to a Euclidean string solution which attaches to the Wilson loop on the AdS boundary and
propagates along the tunneling trajectory. The classical action of the solution was evaluated
by taking account of boundary terms [22]. Then its relation to the expectation value of
the Wilson loop with local operator insertions was discussed.

1A symmetric Wilson loop cannot be distinguished from a multiply wrapped one in the leading-order
of approximation at strong coupling [12,13]. See [14] for an argument on a sub-leading contribution in
the string side. The approach based on Gaussian matrix model was argued in [15,16] and also in a recent
work [17].

2A two-spin string around the tunneling trajectory is also discussed in [23], and also a related work has
been done in [24].



It has been shown in [22] that a logarithmically divergent term, which is proportional
to the angular momentum, gives the expected contribution of the inserted local opera-
tors [19]. However, the finite term involves subtleties; It depends on the cutoff schemes.
Boundary terms of the string action and a possible normalization constant of the gauge-
theory operator also involve ambiguities. Hence a direct comparison of the string action
with the expectation value of the gauge-theory operator has not succeeded yet. However,
it was found in [22] that the difference between the value of the string action with a circu-
lar boundary and that with a straight boundary does not depend on the schemes utilized
there. Then the difference is consistent with the expectation values of the Wilson loop in
the fundamental representation.

In this paper we extend the analysis to the case with string charge k > 1; We discuss
a rotating D3-brane solution with electric flux. In fact, such a solution has already been
constructed in Lorentzian signature [25].

We first re-investigate the shape of the solution in detail. Then the solution is shown
to be composed of a dual giant Wilson loop and a dual giant graviton [10,11], rather than
a rotating BPS particle. This observation may imply that the dual gauge-theory operator
should be a k-th symmetric Wilson loop with the insertions of dual giant graviton opera-
tors [26,27], rather than Z” . To give a convincing argument for this observation, the clas-
sical action of the solution should be evaluated in Euclidean signature. Hence for that pur-
pose we construct a Euclidean solution by applying the double Wick rotation for the Lorent-
zian solution. Then we evaluate its classical action by taking account of boundary terms.

The resulting action contains the logarithmic divergence which is consistent with the
inserted dual giant graviton operators carrying an R-charge J. For the finite terms con-
tained in the action, similar subtleties concerning a regularization may be supposed as in
the string case. Our analysis eventually adopts a specific regularizaion scheme, and it does
not give any insights into the subtleties themselves.

However we may expect that the ambiguities would again cancel even in our D3-brane
case by subtracting the action of the D3-brane with a straight-line boundary from that
with a circular boundary. In fact, it is shown that the difference reproduces the ratio of
the expectation values of a straight-line and a circular Wilson loop in the k-th symmetric
representation. As for the corresponding gauge-theory operator, our analysis does not
determine the unique solution. Still, it is possible to deduce some candidates which are
consistent with the D3-brane computation in the gravity side.

This paper is organized as follows: section [ is a brief review of the tunneling picture.
Its new application to a dual giant graviton is also discussed. Section [ is also a review
of the rotating D3-brane solution constructed in [25]. We newly find the relation between
the solution and a dual giant graviton solution. In subsection a double Wick rotation
is performed to the Lorentzian solution by following the tunneling prescription. The re-
sulting FEuclidean solution attaches to a circle or a straight line on the AdS boundary and
propagates along the tunneling trajectory. In section [ the classical action of the Euclidean
solution is evaluated with a certain regularization. Then in section | we discuss some pos-
sible candidates for the dual gauge-theory operator. Section [] is devoted to a conclusion
and discussions.



2. Tunneling picture of bulk-boundary correspondence

The bulk-boundary correspondence can be manifestly discussed in Euclidean formulation.
For this purpose the Wick rotation should be performed. But note that we are interested
in the case with an angular momentum, where a subtlety for the Wick rotation exists [20].
Then the tunneling prescription should be utilized. It would be available for later discussion
to give a brief review of the tunneling prescription with the three examples: 1) a BPS
particle (BMN case), 2) a dual giant graviton, 3) a rotating string world-sheet. Note that
the cases 1) and 3) are just reviews of the preceding works, but the case 2) has not been
discussed in the earlier literatures and this is the first attempt.

2.1 Tunneling trajectory of BPS particle

We give a brief review of the tunneling prescription by taking a BPS particle rotating in
S5 with an angular momentum J . Here we assume that J is much less than N .
The AdS5xS® geometry in global coordinates is given by

d 2

% = —cosh? pdt?+dp*+sinh? p(dx2+sin2 x(dgo% +sin? gpldgog)) + df* + sin? 0dp? , (2.1)
4 .14 .92 .

Ti= sinh® p sin“ x sin1 dt A dx A dp1 A dps (2.2)

with a constant dilaton field. The S? metric in S° is explicitly written down, since we
consider classical solutions which are localized with respect to the remaining directions.
Thus the S® part of the RR potential Cy is also irrelevant for the solutions.
A null trajectory of a point particle rotating in S° is given by

p=0, 9:5, p=t. (2.3)
It is known that the string modes propagating along the trajectory correspond to local
operators with large R-charge [18]. But the trajectory does not reach the boundary and
hence it is not available to discuss the correlation functions of the operators.

A solution for this issue was proposed in [20] and it is based on a semi-classical tunneling
phenomenon. Hence the prescription is called “tunneling picture.” From now on let us see
the tunneling picture. First the trajectory (R.J) should be recaptured with the Poincaré
coordinates of the AdS5 geometry, in which the AdS5xS® metric becomes

ds®  dZ% — (dX0)? + (dX1)? + (dX2)? + (dX3)?

7= 73 + df? + sin® 0 d¢? . (2.4)

Then the trajectory (R.3) is mapped to the following trajectory:

l
Z=—, Xg={Ltant, X1 =Xo=X3=0, ¢=t. (25)
cost

Here we have introduced a constant parameter £, which is related to the scale invariance of
the metric (4). The trajectory (B-) satisfies the null condition, Z~2(Z% — X2) +¢* =0,
and also the equations of motion Xo/Z% =1/¢ and ¢ = 1.



Here let us see the motion of Z. The null condition and the equations of motion of
Xp and ¢ lead to
Z2+V(Z2)=0, V(Z)=-z'Y0*+ 72,

This equation suggests that the classical solution (R.5) does not reach the boundary Z = 0
because of the potential barrier coming from V(Z). Thus the trajectory that reaches the
boundary is realized as a trajectory that tunnels the potential barrier.

Such a tunneling trajectory was proposed in [20] via the Wick rotation with respect
to the parameter t as tg = it as well as the target space time coordinate as X4y = iXj.
We have to consider simultaneously whether the imaginary angular velocity or equivalently
the Wick rotation with respect to the angular direction as ¢r = i¢ and use the ansatz
¢r = tg . The resulting tunneling trajectory is given by

L

Z = R Xi=Xo=X3=0, X4 = fltanhitg. (26)
cosh tg

This describes a semi-circle Z2 + X7 = ¢2 in the (Z, X4) plane.

By considering modes propagating along the tunneling trajectory (R.6), we can discuss
a correlation function of the local operators with R-charge. The simplest example would
be the two point function of the BPS operators:

(Trp2’(X) e 27 (X)) ) - (2.7)

Here the complex scalar field Z is defined as ®5 + i®g. The points )Z', ¢ correspond to the
two end points, (X1, X2, X3, X4) = (0,0,0,££), of the tunneling trajectory (2.6).

Another derivation of tunneling null geodesic
There is another derivation of the tunneling null geodesic (.§). It should take the following
steps:

1. First let us consider the Euclidean AdS by performing the double Wick rotation:
tE =it and (bE = i¢.

2. Next we turn to the Euclidean Poincaré coordinates via

14 l 14
Z:?, Xlzfsinhpsinxsingolcoscpg, ngfsinhpsinxsinwlsinwg,
14 14
X3 = 7 sinh p(asin x cos 1 — V1 —a?cosx), X4= 7 sinh tg cosh p, (2.8)
f = coshtg cosh p + sinh p(v/1 — a2 sin  cos p1 + acos x) , 0<a<).

Here a constant parameter « is contained as well as £. It will be related to the shape of
the Wilson loop later. The transformation (B.§) can be decomposed into a series of simple
coordinate transformations as explained in appendix [A].

After the double Wick rotation in the first step, the null trajectory (R.3) has been
mapped to the trajectory described by p =0, 8§ = 7/2 and ¢g = tg. Then by performing
the transformation (R.§), it is mapped to the tunneling trajectory (P.6).
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Figure 1: Euclidean dual giant graviton. Its shape is depicted in (a). A time slice at ¢ = 0 of (a)
is plotted in (b).

In subsection P.J the above steps are applied to a dual giant graviton solution [10,11],
which corresponds to a local operator carrying an R-charge of order N or larger. In
subsection P.J we give a brief review of the Euclidean string solution of [21,22], which was
constructed by applying the above steps to the Lorentzian solution of [19]. In the next
section we apply the above steps to a dual giant Wilson loop (D3-brane) solution rotating
in S° [25].

2.2 Dual giant graviton around tunneling trajectory

From now on let us discuss the tunneling picture of a dual giant graviton solution. Here
we assume that its angular momentum (R-charge) is the same order as N or larger.

The coordinates t, x, p1 and 9 are used as the world-volume coordinates of the dual
giant graviton solution. Then the solution will be given by

p=7p: const., 925, o=t. (2.9)
The double Wick rotation just changes the last equation of (£.9) to ¢g = tg.

Next we perform the transformation (R.§). For simplicity the case with a = 0 is
discussed. Let us first concentrate on the slice of the solution on which the relation sin p; =
0 is satisfied. This slice corresponds to the north and the south pole of the S? spanned
by @1 and ¢o. Then the remaining directions of the world-volume are two-dimensional.
Indeed, for singp; = 0, X; and X5 vanish and the solution in terms of (Z, X3, X4) is given
by a two-dimensional surface depicted in figure f[-(a).

Figure []-(b) is the cross section of figure [}-(a) at t =0, i.e., (Z, X3)-plane at X, = 0.
The tunneling trajectory penetrates the plane and the point is located at (Z, X3) = (¢,0).
As far as Z, X3 and X4 are concerned, all other points on the D3-brane, i.e., the region
0 < @1 < 7 are contained inside the surface of figure f[-(a). As for X; and X5, points on
the solution are in the region: X7 + X2 < ¢2sinh?75.



The propagation of the dual giant graviton should correspond to a two point function
of the dual giant graviton operators [26,27]:

(Trs, Z(X;) Trs, Z(X;) ). (2.10)

Here the trace is taken over the J-th symmetric representation. So far we have assumed
that J is the same order as N or larger, but it may be possible to consider the limit
J < N in (R-10). Then all of non-planar contributions in the dual giant graviton operator
are negligible. After all, ([2.10) is reduced to (B4). In the bulk gravity side a dual giant
graviton shrinks in the same limit and it should be regarded as a BPS particle.

2.3 String world-sheet around tunneling trajectory

Finally let us remember the tunneling picture of a rotating string world-sheet [21,22].
We shall begin with the Lorentzian solution [19]. Taking t and p as world-sheet coor-
dinates, it is given by

1
coshp’

x=0,m, ¢ =-const., @9 =const., sinf= o=t. (2.11)

Two patches, x = 0 and x = 7, are attached to straight lines on the boundary at p = oo
and they are sewn together at p = 0. The solution carries an angular momentum from the

infinite past ¢ = —oo to the infinite future ¢t = co.
As proposed in [19], a natural candidate for the dual gauge-theory operator would be
the Wilson loop operator with local operator insertions:?
Wy, = TepP| 27 (t = —oo)eiffooo dt(AtJrq)“)?J(t = 0o)eifoo” dHAL+P1) | (2.12)
This operator contains two Wilson lines extending from t = —oco to t = oo . Each of them

corresponds to the line given by (p,x) = (00,0) and (oo, 7) on which the string world-
sheet is attached. The local operators Z”/ and Z~ may be regarded as a “creation” and
an “annihilation” operator of the R-charge, respectively. The R-charge “created” by Z7
at the infinite past is carried by the rotating string to the infinite future and then it is
“annihilated” by 7z’

Although it is interesting proposal, this Lorentzian picture is not available when calcu-
lating the expectation value of the operator via the classical string action. This is because
the angular momentum is carried from the infinite past to the infinite future, and it does
not reach the boundary. As a result, the operator insertions must be assumed at the infinite
past and future. The situation is just the same as in the case of correlation functions of
local operators with R-charge. In fact, by applying the steps introduced in subsection P.1],
we can construct a solution corresponding to a Wilson loop with the insertions of local
operators in a finite region on the AdS boundary [21,22].

3See also the explanation in [25].



Figure 2: Examples of string world-sheet attached to a circle or a straight line. Figures (a), (b) and
(¢) correspond to the case with a = 0, 0.7 and 1.0, respectively. The world-sheet contains tunneling
trajectory and carries an angular momentum along it. Here ¢ and 6 are used as parameters, while
t and o = arctanh(sin 6) are used in [22].

After performing the steps 1. and 2. in subsection R.] to the solution (R.11), the AdS;
part of the resulting solution is given by

l
cosh tg cosh p = acsinh p’ ! 2 ’
X, = FIV1 — a? sinh.p X, = ¢sinh tg cosh ,o‘ . (2.13)
cosh tg cosh p + acsinh p cosh tg cosh p £+ acsinh p

This is the string solution constructed in [21,22]. Figures B-(a), (b) and (c) depict the
solutions with a = 0, 0.7 and 1.0, respectively.

By setting p = 0 in (R.1J), the solution contains the tunneling trajectory (.6). In
fact, the solution carries angular momentum from the one end point X, of the tunneling
trajectory (P.f) to the other end point Xf .

On the other hand, by taking large p limit, the string world-sheet is attached to a
circle (aw # 1) or a straight line (o« = 1) on the AdS boundary Z =0.

It was shown in [22] that the action of the string solution reproduces correct ¢- and
a-dependences of the expectation values of the following operator:

<T1"F77[exp < 7{} ds i, (X(5)) X#(5) + \/)'Z'T((s)qﬂ(;z(s))})zﬁf(fi)?(ff)} > (2.14)

The shape of the loop C is the same as that of the boundary of the solution (£.13). Note
that both of X; and X'f are located on the loop C'.

Here the trace is taken over the fundamental representation. The aim of this paper
is to extend the analysis to a k-th symmetric Wilson loop with local operator insertions.
In the next section we consider the tunneling picture of a rotating dual giant Wilson loop
(D3-brane) solution.



3. Tunneling picture of dual giant Wilson loop

In this section we discuss a tunneling picture of dual giant Wilson loop. That is, the
rotating string solution in subsection P.3 is extended to a rotating D3-brane solution.

We first reexamine the rotating D3-brane solution in Lorentzian AdS [25]. It is a
generalization of the string solution (R.11]) to the D3-brane case. The shape of the solution
leads us to observe that it is composed of a dual giant Wilson loop and a dual giant graviton.

Then we have to perform the double Wick rotation and the coordinate transformation
in subsection R.1. After that, the resulting solution is attached to a circle or straight line
on the boundary of Euclidean Poincaré AdS and carrying an angular momentum from a
point on the boundary to another.

3.1 Lorentzian solution and its properties

Here we introduce a rotating dual giant Wilson loop (D3-brane) solution constructed in [25].
Let us begin with the global coordinates (R.1). The coordinates ¢, p, 1 and o are
regarded as the world-volume coordinates, and the following ansatz is assumed for the
region 0 < x < 7/2:
L2
" F(p). (3.1)

X:X(p)v 9:9(p), ¢=t, F;tp:2ﬂ_o/

Here F}, is an electric flux induced by smeared string charges. Under this ansatz, the Dirac-
Born-Infeld (DBI) action and the Wess-Zumino (WZ) term for the region 0 < x < 7/2 are
simplified as

2N
SpBI = i /dtdp sinh? p sin? x \/(cosh2 p —sin?0)(1 4 sinh? px'? + 0'%) — F2, (3.2)
2N
Swz = —— /dtdp sinh?® p sin® y x’, (3.3)
™

where we have used the definition of D3-brane tension

1N
(27)3l4g,  2m2LA°

TD3 =

It is still difficult to find a classical solution even after assuming the ansatz. A sensible way

is to require the solution to preserve some supersymmetries. Then it is possible to find a

solution by solving BPS equations rather than complicated equations of motion. In fact,

the solution concerned here has been derived by requiring a quarter BPS condition [25].
The solution of [25] is given by

sinx(p) = 2P g = S, (3.4)
cosh
\/cosh? p — C? P
cosh?p — C?
F(p) = ~ p (3.5)

cosh? p\/ cosh? p — C% - (C? coth? p
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Figure 3: The D3-brane solution in the global coordinates. For various values of C7 and C5 it is
numerically plotted.

For the region 7/2 < x < 7 the following replacement is necessary: x(p) — m — x(p) and
F(p) = =F(p).

The two constant parameters C; and Cs are related to two conserved charges, an
angular momentum J and a string charge k. The parameter Cs is related to k through

Cy = ]1—\]/\5 =K. (3.6)

Thus C5 is nothing but x in the notation of [4]. On the other hand, J is given by
(cosh? p — C2)? + C2 cosh* p
(cosh? p — C%)2 cosh? p\/cosh2 p—C:—C3 coth? p

(3.7)

2N
J=2x74uﬁ/@

The overall factor 2 appears taking account of the two patches.

Each D3-brane is attached to the AdS boundary p = 0o at x = 0 and 7. Two patches
with 0 < x < 7/2 and 7/2 < x < 7 are sewn together smoothly at x = 7/2. The radial
coordinate p takes the minimal value, ppi, , at x = 7/2.4

Some typical solutions are numerically plotted in figure f]. Figures f-(a), (b) and (c)
show the (p, x) plane with an arbitrary (¢, o1, ¢2) for C; =0, 0.9 and 1.2, respectively. In
particular, figure [J-(a) corresponds to the non-rotating Drukker-Fiol solution [4]. The radial
and the angular coordinates of these figures are taken to be tanh p and y, respectively.
Each broken line corresponds to the boundary of the AdSs (p = c0) and three solid lines
in each of the figures show the solutions with Co = 1.0, 0.1 and 0.01 from the top down.

Figure BF(d) describes a typical configuration § = 6(p) of the solution on S for a
fixed t. When p = oo, the solution is sitting at the north pole (6 = 0). As p decreases,

4For the solution with x(p) =0, i.e., the solution with C; <1 and C2 — 0, we define pmin = 0.
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Figure 4: The values of J/N and .J/kv/)\ as functions of C;.

increases. At p = pmin , it comes to the turning point, where 6 takes its maximal value. It
is symmetric with respect to this point. From the ansatz ¢ = t, it is rotating in S°.

Each point on the curves in figures f}(a), (b) and (c) corresponds to a three-dimensional
space parametrized by (¢, ¢1,p2). Each S? parametrized by (p1,¢2) is centered at the
horizontal axis. Its radius is given by Lsinh psiny and greater than LC5. Hence, when
Cs is kept finite, the radius of the S? is much larger than the string length in the large A
limit.

Figure [J-(c) shows a typical behavior of the solution with C; > 1. For a small value of
Uy, the solution looks like a dual giant graviton with thin spikes sticking out of the north
and the south poles. As (5 increases, the radius of the spike becomes larger and the shape
of dual giant graviton tends to be indistinguishable. Also in the case with C7 < 1, it is
hard to find the dual giant graviton even for small values of Co as shown in figures f}-(a)
and (b).

We shall examine the behavior of J as a function of C; for a fixed value of Cy. Each
curve in figure f-(a) shows the behavior of J/N with Cy = 1, 0.1 and 0.01 from the top
down. In the limit Cy — 0, the curve asymptotically approaches the following line:

J J 9 . 19
—=0 (1 <1), — =C7 —1=sinh®ppin (C1 >1). (3.8)
N N
The curve J/N = sinh? ppin corresponds to the angular momentum of the dual giant
graviton whose S*-radius is given by sinh pmin = 1/C7 — 1 [10,11]. Figure fl-(b) depicts the
ratio J/kv/A in the limit Cy — 0.

For finite k the radius of each S? becomes much smaller than the string length for the
region p > arccoshC'; . Hence the analysis with DBI action may not be reliable because of
possible o'-corrections. However, a reasonable result has been obtained even for a single
string case k = 1 and thus the DBI analysis seems to work well even in this case.® Now
we have no obvious reason to believe it but guess that the corrections cancel each other
possibly due to the supersymmetries preserved by the solution.

5In particular, by setting k = 1 and C; = 1 the D3-brane solution formally reproduces the string solution
in the previous section.

— 11 —



3.2 Dual giant Wilson loop around tunneling trajectory

Let us now discuss the double Wick rotation and the coordinate transformation (R.§) for
the rotating D3-brane solution given by (B.4) and (B.3).

First let us consider the Wick rotation. Here note that an imaginary electric flux
Fy.p = —i(L*/21a’)F(p) should be considered in addition to the double Wick rotation
tg =it and ¢ = i¢. Then the solution is given by

. C5 coth . C
sinx(p) = ==t sinf(p) = ——. 5 =tn, (3.9)
\/cosh? p — C? P
cosh? p — C?
F(p) =~ r (3.10)

cosh? p\/cosh2 p—C?—C? coth? p

Next the solution is mapped via (R.§) and then we have the following D3-brane solution in
the Euclidean Poincaré coordinate:

7 = ;, X = ésinhpsin X(p)sin i cos e, Xo= ésinhpsin X(p) sin ¢q sin g2 ,
X3 = ; sinh p(asin x(p) cos o1 — V1 —a?cosx(p)), Xyq= ; sinhtgcoshp,  (3.11)

f = coshtg cosh p + sinh p(v/1 — a2 sin x(p) cos p1 + acos x(p)) .

Now the function x(p) is defined by the first equation of (B.9). The shape of the solution
is numerically plotted for some values of Cy and C5 in figures5 and 6.

In order to see the relation to the Wilson loop, we shall examine the boundary behavior
of the solution (B.1) by taking the limit p — co. Then, for a # 1, the boundary of the
solution is given by the following trajectory on the AdS boundary:

FO/1—a? fsinhtg
Z=X=X=0, Xg:coshtE:toz’ X4:coshtE:|:oz' (3.12)
The upper (the lower) sign implies the region with 0 < y < 7/2 (7/2 < x < ). Thisis a
circle with the radius £/v/1 — a2 on the (X3, X4)-plane. Its center is located at (X3, Xy) =
(al/V1—a2,0).

For a = 1, the circle (B.13), except for tg = 0, becomes an infinite line, X3 = 0.
That is, the D3-brane is attached to a straight line on the AdS boundary and extended
infinitely into the bulk AdS space. This infinitely extended part of the D3-brane can be
found by carefully considering tg = 0. For example, let us take the large p limit of the
solution (B:11)) after setting tg = 0. Then we reach the AdS boundary (Z = 0) on the patch
with 0 < x < 7/2 but we go to the region at the vicinity of Z ~ oo on the other patch
7/2 < x < m. It is easy to check that, for « = 1, \/X? + X2 + X23/Z — C, in the large
p limit. This means that the solution asymptotically satisfies the linear ansatz used in [4].

Figures f] and [ are some numerical plots of the D3-brane solution with indicated
values of C1, Cy and « . Figure [ depicts two-dimensional surfaces specified by sinp; = 0,
and figure [ expresses their cross sections at X = 0. In particular, figures f-(d) and [f-(d)
correspond to the non-rotating Drukker-Fiol solution [4].
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Figure 5: Euclidean D3-brane solution with various values of C7, Cs and «. Figure (d) corresponds
to the non-rotating Drukker-Fiol solution [4].

From figures [, f and , it is manifestly observed again that the solution with (Cy, Cy) =
(1.2,0.1) is composed of a dual giant graviton propagating along the tunneling trajectory
and a spike D3-brane solution. For the values of C; and C5, the presence of the dual giant
graviton is obvious. As (5 increases or (7 decreases, the spike tends to be wider compared
to the radius of the dual giant graviton and absorbs it.

Thus the solution (B.11)) is attached to a circle or a straight line on the Poincaré AdS
boundary and it is carrying an angular momentum J from a point on the boundary to
another.

Finally we shall give a comment on the operator corresponding to the Euclidean D3-
brane solution. As we have already explained, a natural candidate should be a circular or
a straight-line Wilson loop in k-th symmetric representation with local operator insertions.
However, for the solutions with J of order N or larger, it may be necessary to take account
of non-planar contributions for the local operators. That is, we may have to replace Z”
with the dual giant graviton operator like (R.1(]). In fact, in the dual gravity side, the
rotating D3-brane is composed of a dual giant Wilson loop and a dual giant graviton. We
will further discuss the corresponding gauge-theory operator again in section fj.
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Figure 6: The time slices of figure E att=0.

4. Evaluation of D3-brane action

Let us evaluate the classical action of the Euclidean D3-brane solution. For simplicity we
omit the subscript “E” hereafter. All ¢ and ¢ in the following should be understood as tg
and ¢g .

In addition to the DBI action Spgr and the WZ term Sy, we have to add appropriate
boundary terms to adjust the boundary conditions properly. First of all, it is necessary to
consider the usual boundary term for the Legendre transformation of the radial coordinate
u=1/Z of the AdSs [28]. Then we have to introduce additional boundary terms for other
Legendre transformations because the solution carries the conserved charges: the string
charge k and the angular momentum J .

After all, the following summation should be considered as the total action:

Stotal = SDBI + Swz + Sg + 54 + Sy . (4.1)

The last three terms are the boundary terms for the Legendre transformations with respect
to the angle variable ¢, the gauge potential A and the radial coordinate u =1/7.

For the solution we consider, all the terms in ({.1) contain divergences. Hence it is
necessary to introduce cutoffs tnin , tmax and pmax, and restrict the range of the integration
as

tmin <t < fmax, Pmin <P < Pmax, 01 <m, 0< o <27
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Remember that ppi, is defined by sin x(pmin) = 1, or pmin = 0 for the solution with
x(p) =0.

We use two notations of the world-volume coordinate hereafter. The one is the notation
we used so far, and p is regarded as a world-volume coordinate. Then we have to consider
the two regions 0 < x < /2 and /2 < x < mw. The other is to use x as a world-
volume coordinate, instead of p. Then the whole solution can be covered with a single
patch. Hereafter we shall occasionally use this single-patch notation, where the range of
the parameter x is restricted as Xmin < X < Xmax With Xmin = X(Pmax) and Xmax =
7 — X(Pmax) 0

Before going to the calculation, it would be helpful to remember the relation between
our analysis and the paper [22], in which the computation in the string case has been
done. It has been found in [22] that the finite term of the action depends on the cutoff
scheme. There are also subtleties concerning the definition of the boundary terms for
the string action; It is not obvious whether the prescription proposed in [28] is naively
applicable to the case with the R-charge. Although these issues have not been solved yet,
it is proposed that these ambiguities would cancel if the string action for a straight line
should be subtracted from that for a circle. Indeed, the subtraction gives the same result for
two cutoff schemes utilized there. Then the result reproduces the ratio of the expectation
values of the straight Wilson line to the circular Wilson loop.

We expect a similar cutoff scheme dependence in our D3-brane case. There are even-
tually the same ambiguities of boundary terms, and the issue of the normalization of the
operator should be considered even in our case. However, resolving these subtleties is be-
yond the scope of the present paper. In fact, since our analysis adopts a specific cutoff
scheme, it is just blind to a possible cutoff scheme dependence. In the following, we sup-
pose the proposal of [22]; We evaluate the a- and ¢-dependence of each term in ([.]]) and
calculate the difference Sigtat|az1 — Stotalla=1 . Then we see whether the result reproduces
the ratio of the expectation value of the straight-line Wilson loop to that of the circular
Wilson loop.

In order to make our discussion clear, we shall summarize below the relevant steps
of the calculation and the results only. We refer the readers, who are interested in the
detailed calculations, to appendices.

4.1 Evaluation of Spgr + Swz

The aim here is to evaluate the contributions coming from the DBI action and the WZ
term:

Spei + Swz = / dtdpdpidps L

= Tp3 /dtdl)dsé?ld@z Vdet(Gap + 2ma/ Fop) — Ths /Pa [C4] - (4.2)

Recall that there are contributions from two patches, though it is not written down explic-
itly. Our notation will be explained shortly.

®Note that, for the solution with x(p) = 0, we need to take p as a world volume coordinate.
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Remember that the solution (B.11]) should be derived from the action defined on the
double Wick rotated geometry:

ds? . dz? + (dX1)2 + (dX2)2 + (dX3)2 + (dX4)2

7 = = + d#* — sin® 0dp? (4.3)
and the imaginary ansatz for the electric flux:
L?
Ftp = _Zﬁ (44)
The explicit form of Spgy is
2N tmax Pmax 03 h4 _ 02 h2
Sppr = 2 X —/ dt/ dp (cosh” p 1) cosh™p . (4.5)
T Jtmin min  (cosh? p — Cf)z\/cosh2 p— C? — C3coth? p

The overall factor 2 implies that there are two patches. Possible dependence on « and /¢
arises only through the definition of the cutoffs.

As for the WZ term, there is an ambiguity related to the gauge transformation: Under
the gauge transformation the RR potential may change by an exact form, and it may affect
the value of the WZ term since boundaries of the D3-brane should be taken into account.

In order to fix this ambiguity, we just follow the proposal of [25] and use the following
RR potential,

L4
Cy = ﬁdX‘l ANdX1 NdXo ANdX5. (4.6)
The pull back of the RR potential on the D3-brane solution is represented by P,[C4] and
defined on the space spanned by (t,x,¢1,92).” As it can be seen from (B.11)), the pull
back depends on « but it is independent of /. The solutions with different values of «
are related through coordinate transformation. This is the case for the pull backs with
different «, and the WZ term

Swz = —Ts / PulCil (@7

depends on « through the boundary term.
In order to evaluate the WZ term, it is convenient to introduce a three form A§ as

follows:
PalCs] — P[C4] = dAF . (4.8)

Here P[Cy] is written in terms of (¢, x, @1, p2) as
P[Cy] = L*sinh? p(x) sin? y sin 1 dt A dy A dpy Ades (4.9)

where p(x) is the inverse function of xy = x(p) (and also x = m — x(p)) and the explicit
form of A§ is given in appendix [J. Note that the DBI action (f£5) can be written as®

Sppr = TDs/P[54]- (4.10)

"We use the single-patch notation to discuss the WZ term.
8This just means the fact that Sper + Swz = 0 in the original global coordinate.
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By using (.7), (£.§) and ([.10), we obtain the following expression,
SpBI + Swyz = —1Dp3 / A3 . (4.11)
b

Here the subscript “b” implies that the integral is over the boundary of the space
parametrized by (¢, x, ¥1,¥2) -
The non-vanishing components of A§ are as follows:

3 = (AS)txpodt Adx N dpa + (Ao 0o dt A dpr A dpa + (AS)yer0dX A der A depa .

The explicit forms are given by (B.11)) with (B4) and (B.g)—(B.10). Then the right-hand
side of (1) can be rewritten as

[e}% tmax Xmax PY1=7 tmax e
/A —/ / / d902 (A5 thoz] / /dsm/ dpa A3)ts01e02]
301— Xmin

Il‘llIl min Il‘llIl

Xmax tmax
+ / / der / d<P2 (A3) XWZ] : (4.12)

All the integrands in (f.13) obviously are independent of ¢. The ¢-dependence might arise
through the cutoffs pmax and tminmax, but the integrals actually converge and do not
depend on ¢. The a-dependence of the integrals is discussed in appendices [B and [J. Here
we just summarize the results:

1. 1st-term: (A§)sygp,-term
This term vanishes thanks to the following relation (see (B.4) and (B.G)):

(Ag)txcpz = (Ag)txm =0.
p1=0

p1=T

2. 2nd-term: (A§)sp, pp-term
A detailed calculation is summarized in appendix [C.]. Here we rely on a numerical
calculation in a step of the integrals. The result is as follows:

tmax 2w Xmax
/ dt / dor / d@z (A3) t%@}
Xmin

|tmin,max| » Pmax — 00 47T2L4(a1"CSIDhC2 - CQ\/ 1 —|— 022) (OZ = 1)
0 (a#1)

3. 3rd-term: (A§)yp,p,-term
As explained in appendix @, this term is independent of « in the large |tmin max|
limit. The integral is performed over the boundary at t = #,in max and it is localized
near the “points” where the local operators are inserted. Therefore the result should
not depend on «, because « describes the global structure of the solution.

In summary, Sppr + Swy is given by
2N (arcsinhC’g —Cay/1+ C22> (=1)
0 (a #1) .

Here “const.” is a finite constant independent of  and ¢, but it may depend on C; and
Cs.

SpBI + Swz = const. + (4.13)
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4.2 Evaluation of Sy + Sa + Su

Next we discuss the boundary terms Sy, S4 and S, .
The boundary terms Sg, S4 and S, are defined, respectively, as

Pmax _a£ tmax

Sp = — / dpdp1dps % ¢] : (4.14)
Pmax r 8£ tmax

Sa = —/ dpdp1des | 77— A ] , (4.15)
min -aﬂp tmin
Pmax B a£ tmax tmax 8£

S, = —/ dpdpidps 8—u] - / dtdp1dps ——u . (4.16)
min L u tmin t 8U

min Pmax

There are implicitly contributions from the two patches.

As for (.14) and ([E17), the dependence on « and ¢ may come only from the cutoffs.
By performing p-integrals and summing contributions from the two patches, we have the
following results:

S¢ = (tmax — tmin)|J], (4.17)
tmax Pmax h4 _ 2
SA_2><—/ dt/ dp Cy cosh p— Ci
tmin min cosh? p\/cosh2 p—C?2—C? coth? p
AN \/ —C? sinh? pax + cosh? prax (sinh? pray — C3)
= —(tmax - tmin)C2 .
T cosh pmax

Then let us consider (f.16). It is composed of two terms. The first term gives a- and
/-independent contribution as explained in appendix [D.1], while the second term depends
on « and ¢. By using u = 1/Z and substituting the solution, the second term can be
rewritten as

™ tmax /
2rL*CyThs \/(:osh2 Pmax — C'12 — 022 coth? pmax/ dyy sin g / dt 7
0

tmin

(4.18)

Pmax

Here Z'/Z is given by
z' Acosht + B

Z ~ Cecosht+D’
with the symbols A, B, C' and D defined, respectively, as
A =sinhp,

= /1 — a2 cos 1 (cosh psin x + sinh pcos xx') + a(cosh p cos x — sinh psin xx'),
C = coshp,

D = sinh p(v/1 — a2 sin x cos ¢ + acos x) ,

for the patch with 0 < x < 7/2. The terms for the other patch 7/2 < y < 7 are given by
the usual replacement x(p) — 7 — x(p) -
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The t-integral can analytically be performed and the result is

tmax Z/ A 2(_BC + AD) C - D t tmax
R e w i it - h(= L1
/ d 7 [ C N e arctan( C+Dtan (2)>] (4.19)

Then the @;-integral has to be performed. The first term in (f.19) does not depend on ¢ .
Hence the ¢i-integral can be easily carried out and the result is

tmin tmin

2N \/ —C? sinh? prax + cosh? prax (Sinh? prax — C?)
-2 x —02(tmax - tmin)
T cosh pmax

The overall factor 2 comes from taking the two patches. This term exactly cancels the
boundary term Sj4 .

The ;1-dependence of the second term in (|.19) is a little bit complicated. The ¢1-
integral is evaluated in the large |tmin max| and large pmax limit in appendix D-2 The result
of p1-integral depends on the patches and also on «. The convergence of the integral again
assures that the result does not depend on /, i.e., possible dependences arise only through
the cutoffs since Z’/Z is independent of £. For the detailed calculation, see appendix [D.2

After all, we have shown that

4NCo\/14+C3 (a=1)

Sy + 5S4 = const. + .
0 (a#1)

By gathering the results, Sy + Sa + 5, has been evaluated as follows:

2e> . {4N02\/1+C22 (a=1)

S¢ +Sa + S, = const. + 2|J|log ( (4.20)

€ 0 (a #1)
The cutoff € is defined as
—Tmin = tmax = 10g(2€/€) :
This definition is equivalent to the standard cutoff Z = € imposed at the center p = 0 of
the D3-brane in the equal ¢ slice in terms of the original global coordinates.

4.3 Total action
By gathering (.13) and ({£.20), the total action is given by

25) N {2N(arcsinh02 +Ca/1+C3) (a=1)
0

Stotal = £(C1,Cs) + 2|.J| log (? RS

(4.21)

Here f(Ci,C9) is a function of Cy and Cy. This reproduces the result of [22] by setting
k =1 and taking large N .

At first sight, it might be curious to find the result of Drukker-Fiol for a circular loop [4]
with inverse sign in the third term of a straight line (o = 1). But note that the third term
itself does not make sense, because it is just a part of the total action.
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As we have mentioned at the beginning of this section, our analysis may depend on the
regularization scheme, i.e., there may be scheme dependence as in [22]. It is also necessary
to consider the definition of the boundary terms more carefully and to take account of a
possible normalization constant of the gauge-theory operator. At least, from the current
understanding, it is not possible to compare the finite constant in (f.21)) directly with the
expectation value of the Wilson loop.

Instead of comparing ([[.21)) directly with Wilson loop expectation values, we take the
difference of the total action as

Stotal‘a;él - Stotal’oc:l 5 (422)

and compare it with the difference between a circular Wilson loop and a straight Wilson
line, without R-charge. In fact, the difference (.29) with ({.21)) properly reproduces the
result of the Drukker-Fiol [4]. Inversely speaking, this prescription works well even for the
D3-brane solution. Thus our result gives a non-trivial support for the proposal in [22].

It is very important to refine the regularization scheme and compare not the difference
of the action but the value e~tetal itself with the expectation value of the Wilson loop with
local operator insertions. We leave this important issue for a future work.

Consistency with J — 0 limit

It may be interesting to see that (4.21]) is consistent with J — 0 limit. It is not obvious to
check whether (.21 really reproduces the result of [4]. Here an ingredient of importance
is the constant term f(C1,C3) in (E2I). In the case with J = 0, we need to compute
f(0,C5).°2 Tt is still too complicated to do analytically, so we have numerically evaluated
it. The result supports that

f(0,C2) = —2N (arcsinh Cy + C24/1 + C3). (4.23)
Thus (f.2]) reduces to
0 (a=1)
Stotal = : 4.24
totad {—2N(arcsinth+C2\/1+C22) (v #1) (4.24)

This is nothing but the result of [4]. The mechanism to reproduce ([.24) is somewhat non-
trivial, because it reappears from different integrals. The problem for the normalization
of the Wilson loop might be clarified by investigating the behavior of f(C7,Cs) more in
detail.

Interpretation of ¢ dependence

The ¢-dependence of ({.21)) should come from the contraction of local operators inserted
in the loop. Then they have to have conformal dimension J due to the agreement of R-
charge. This /-dependence is consistent with the expectation value of the Wilson loop with
the insertions of Z7 and its complex conjugate [19].

“More precisely, it is necessary to evaluate (C.5) and (D.2) with C; = 0. In particular, in computing
(C.5), the only contribution comes from the first term in (B.10) at ¢t = tmax -
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However, the identification of [19] should be modified to realize the fact that the
solution is composed of the dual giant Wilson loop and a dual giant graviton rather than
a BPS particle. A key observation is that the /-dependence is also consistent with the
propagator of dual giant gravitons. In the next section, we will propose some candidates
for the dual gauge-theory operator based on this observation.

5. What is the corresponding Wilson loop?

Finally let us discuss the Wilson loop corresponding to the D3-brane solution. Based on
the observation explained at the end of the previous section, the local operators inserted in
the loop should be introduced by taking account of the non-planar contributions. It seems
reasonable to consider a dual giant graviton operator Z,;" as an inserted operator (Here M
and N are the indices of J-th symmetric representation and its conjugate representation).

Thus a plausible candidate for the gauge-theory operator corresponding to the Eu-
clidean D3-brane solution would possibly be the following:

RTegte)

P2 (X)), v

b [7(Xf)]PQ' (5.1)

le

PEN T Ve (O)] 4

Here [W)‘;{f ()] AB represents the k-th symmetric Wilson line running from X; to X ¢ along

the loop C'. At X = X; and Xf, there are four indices (B,C, N, M) and (D, A,Q, P),
respectively. For the gauge invariance, these indices must be contracted separately at each
of the points with some coefficients F%]]‘(;’ and fég .

A simple way to contract the indices may be taking Fg%[ = 6g%n™ and fgg =
6p?6oT . Then the operator (B.1]) just reduces to:

Trs, W(C) Trs, Z (X;) Trs, Z (X;) . (5.2)

This is just the multiplication of Wilson loop without local operator insertions with stan-
dard dual giant graviton operators, and it does not reduce to (R.14) when k£ = 1 and
J <K N.

An example of the operator which reduces to (R.14) can be constructed by combining
k-th and J-th symmetric indices into a (k + J)-th symmetric one. We explain this type of
operator by expressing the symmetric indices in terms of fundamental indices as:

N _ Anieng} @iy, g Qiyeang i g
A _Z{ml,...,mJ}_SML---,WJSWL---ﬁ] m1 ZWJ’

b1,...,bg a a U TIRN b
WAB _ W{ 1,08} = Sal,...,aksél, {%ng . Wék )

{a1,...,ax} 150k “hy ... by ag

All the lower-case indices express the (anti-) fundamental indices and the tensor SZ}{;[?%J

is totally symmetric with respect to the upper (or lower) indices. In this notation, the
operator in which k-th and J-th symmetric indices are combined to (k + J)-th symmetric
indices can be written down as

ey Choy T ooy e @1y, C,7{b1,....b > ¢, 1{d1,ndi} (5
g ey [y X b () ] ) e (78 o)
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In the case with k& = 1, this operator can be written as (up to a normalization constant)
Trp [W)‘}(’ (C’)Z(XZ-)JW))? (C)?(Xf)J] + multi-trace operators, (5.3)
f i

and it reduces to the operator (R.14) when we assume J < N, since the multi-trace
operators become sub-leading in 1/N .

By assuming other coefficients Fg% and I’ ’gg, we can consider more generic Wilson
loops with local operator insertions which seem to be consistent with the expectation value
predicted by the D3-brane action. Hence our analysis does not fix the unique gauge-theory
operator as a dual object of the D3-brane solution. It would be nice to seek the definite
choice of the coefficients F%]J‘(;’ and ' ’gg , for example, via perturbative computation in the
gauge-theory side. We leave this issue as a future work.

6. Conclusion and discussion

We have reexamined a rotating D3-brane solution in Lorentzian signature [25] and discussed
its tunneling picture.

First, we have observed that the solution is composed of a Drukker-Fiol solution [4]
and a dual giant graviton [10,11]. Then we have performed a double Wick rotation for
the solution by following the prescription of [20] and constructed the solution in Euclidean
AdS. The total classical action of the solution, which includes boundary terms, has been
evaluated with a certain regularization.

The resulting action contains the logarithmic divergence which is proportional to the
angular momentum J. It is consistent with the correlation function of the dual giant
graviton operators with an R-charge J.

For the finite terms contained in the action, there are subtleties concerning the regu-
larization scheme. We used a certain regularizaion scheme and our analysis does not give
any resolution for the subtleties themselves. However we may expect that the ambiguities
would cancel by subtracting the action of the D3-brane with a straight-line boundary from
that with a circular boundary. It has really been shown here that the difference reproduces
the ratio of the expectation value of the k-th symmetric Wilson loop.

Finally we discussed possible candidates for the dual gauge-theory operator which is
consistent with the D3-brane picture. Although our computation does not lead to the
unique candidate, we explained possible structures of the operator; k-th symmetric Wilson
loop contracted with J-th symmetric dual giant graviton operator.

Our results in the gravity side may suggest that the usual prescription to compute the
expectation value of Wilson loop by using the Gaussian matrix model can also be applied
to the present case. We leave these gauge-theory issues as future works.

As a final remark, we would like to emphasize that resolving scheme dependence and
fixing appropriate boundary terms are a very important issue for the direct comparison of
the D3-brane action with the Wilson loop expectation values. We hope we will be back to
this issue.

As an extension of our work, it would also be interesting to try to construct a rotating
D5-brane. In the case of giant Wilson loop the shape of D5-brane is AdSy;xS*. Hence
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the S* part is expanding in S° and so it seems difficult to find an appropriate ansatz in
the same way as the case of dual giant Wilson loop. However, from our observation given
in this paper, we can easily guess that the desired solution should be composed of an
AdS,xS* D5-brane (giant Wilson loop) and a giant graviton. By considering a giant spike
solution [29] and deforming it, it may be possible to find a rotating giant Wilson loop. The
corresponding Wilson loop in the gauge-theory side should be obvious. All we have to do
is to replace the k-th symmetric representation and the dual giant graviton operator with
the k-th anti-symmetric representation and the giant graviton operator.

Furthermore it may be possible to construct a solution composed of dual giant Wilson
loop and giant graviton, or of giant Wilson loop and dual giant graviton. It is nice to try
to find such a solution.

It is also nice to study quantum fluctuations around the rotating D3-brane solution.
The fluctuations around the string solution of [22] have been discussed in [30]. The re-
sulting action is very complicated. But we can clearly see the asymptotic behavior of the
Lagrangian around the boundary and at the center of AdS. It behaves as the semiclassical
action around an AdSs solution [31]'° around the boundary, while as the pp-wave string
at the center of AdS. The similar behavior should be expected even for the fluctuations
around the D3-brane solution.

We hope that the D-brane dynamics discussed in this paper would be an important
key to clarify some dynamical aspects of (dual) giant Wilson loops.
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A. Coordinate transformation!'!

The following decomposition of the coordinate transformation (P.§) will be used in the next
appendix:

For semiclassical approximation of DBI actions around AdS-branes see [32].
11n appendices we omit the subscript “E” of tg and set L = 1 for simplicity.
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1. Change from global coordinates to the Poincaré coordinates:

t

€ ¢
z = r = e’ tanh Al
cosh P (A1)
21 = rsinxsin ) cos sy, X9 = 7sinxsin g sin gy, (A.2)
T3 =rsinxycosyy, T4 =TCOSY. (A.3)

2. Rotation in the (x3,z4)-space:

xh a  —V1—-a?\ [ 3 , ,
(a:ﬁ;):(vl—a? a ><x4 P2 T I, 2= (54

3. Translation into the z/j-direction:

Vi / Vi / " /
ry=x4+1, Tigz3=m193, 2 =2z. (A.5)

4. Inversion transformation and sign flip of z/:

2" Vo3 )
Z// -~ X// —_ hEY " - "4 A.6
(@242 TP @l T ()2 (4.6)
5. Translation into the XJ-direction:
1
Xy=X{+ 3 Xigs=Xlps, 2'=2". (A.7)

6. Scale transformation in five dimensions:

Z=27", X;=2X. (A.8)

B. Derivation of the boundary three form Af

We shall derive the explicit form of A§ in (E). For this purpose it is convenient to
consider C4 in (f.6) as the a-dependent four-form on the space spanned by (¢, p, X, ©1, ¥2)

by using (.9):
CalZ, Xi] = CL[t: p, X 01, 2]

Let us consider A§ defined as
Ag[ty Py X5 P2, (102] = Cﬁ?[t Py X5 P1, (102] - 04[t7 Py X5 P1, 902] :
Here 54[t,p,x, ©1, 2] is defined as

dp

—————— | Adx Adp1 Adps. B.1
sinh p cosh p> XA don A Gz (B.1)

Cult, p, X, ¢1, 2] = sinh? psin? y sin ¢y <dt -
By setting p = p(x), it reduces to ([.9). With A, dAS in ({.d) is rewritten as

dAS = A?f[t,P - p(X); X5 %1, QOQ] .
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First it is easy to check that Cy [t, 0, X, ¢1,p2] is rewritten as
~ 1
Cyult, p, X, 01, p2] = ?du Adxi A dxo Ndzxs. (B.2)

Here (z,z;) are related to (¢, p, x, @1, p2) via (A.1)-(A.3). Since the steps 2., 3., 5., and 6.
in the previous subsection keep the form of the four form potentials ([.6) and (B.2), we
have

1 1
Ag = —dX4 ANdX1 NdXo NdX3 — —d$4 A dxy N dxg A dxs

4dX AdX{/Ang’Ang——da: A d A dxly A daly
Z/l

Here (2", X!") and (2", z!/) are related to (¢, p, X, 1, ¢2) via (A1])—(A.4). With help of ([A.6))
we can write A in terms of (2”,z) as:

21
A§ = 5= (2"d2" A Dg— 2" Q) (B.3)
Z// g

As = (2fjda!| — 2dzl)) A daly A dx + (abhdes — 25dxl) A da) A daf

Oy = da') A da! A dal) A dal g=2"+ ().

We further introduce the polar coordinates (", 6,62, 603) defined as
2] =r"sinf; sinfy cosfs, a5 = 1" sin b sinhysin b,
:Eg = r" sin 6 cos by, :17'4' =1r"cos b .

By using them, A3z and €4 can be rewritten into the following forms:

Az = 7’//4 sin? 01 sin 6odf1 A dby A dbs
Q= 7’”3 sin? 01 sin 92d7‘” A dBy A dby N dbs .

Then AY is also rewritten as the exact form:

- - 7,//2 P2 Ag

With (A.1)-(A5), Ag and Aj can be expressed in terms of (¢, p, X, ¢1,%2). Then 2" and

r" can be rewritten as

2
2" = % . "% = ¢ tanh? p + 2¢' tanh p(acos x + /1 — a2sinycos 1) + 1. (B.5)
cosh” p

Now Aj is given by

Az = (Ai’:)txcpzdt Ndx N dps + (AS)szozdp Ndx N dps + (A3)t<p1<p2dt A dp1 N dpa
+ (A3) pp1p2dp A dp1 A dpz + (A3)xpr0.dX A dp1 A dipa
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where the non-vanishing components are

(A3)txps = =V 1— a2e3 tanh? psin y sin? ¢ , (B.6)
tanh?p | .
(A3)pyps = =V 1— a263tF}125 sin x sin® ¢ , (B.7)

(A3)tpr1p0 = ae3t tanh® psin® y sin o1 — v/1 — a2e® tanh? psin? y cos x sin @1 cos 1 ,
(B.8)

tanh? tanh?
(A3) pprpp = €™ an 5 P gin’ xsing; — /1 — a2e’ an 5 P gin? X €OS X Sin 1 €os 1 ,
cosh” p cosh” p
(B.9)
(A3)yprp0 = et tanh? psin? y sin 1 + ae3 tanh?® psin? y cos x sin ¢y
+ /1 — a2e3t tanh? psin® y sin ¢y cos ¢y .

(B.10)

Finally A§ is given by

AS[t x, 01, 02] = AS[t, p = p(x), X 1, 2] - (B.11)

C. Integral of (Ag)tp1p, and (AS)xer e

C.1 (Ag)ts@ﬂpz

The aim here is to perform the integral,

tmax Xmax
/ /d(pl/ d(pg A3 tsplcpz}x i (Cl)

The explicit form of the integrand is given by (B.11) with (B.4) and (B.§). For o # 1,
this integral vanishes in the limit py.x — oo or equivalently in the limit yp;,, — 0 and
Xmax — 7 . This can be shown by rewriting the integral () in the form in which a single
sin x is extracted as an overall factor, i.e., in the form as (sinx) x [dt(---). In this form
we can show that the t-integral still converges. Since the extracted overall factor siny
vanishes in the limit pypax — 00, (C-)) vanishes.

However the case with o = 1 is special and then r” at ¢ = 0 is given by

2 = tanh? p 4+ 2tanh pcos x + 1 (at t =0). (C.2)

Therefore " becomes zero at the upper boundary ¥ = Ymax taking the limit Ypax — 7.
We can also check that r’? /2" 2, C? in the same limit. This means that, for finite Cy,
the integrand of ([C.1]) tends to diverge at ¢ = 0 in the limit Xymax — 7. This divergence
cancels the small overall factor sin x and hence the integral ([C.1) may give a finite value
to Swz . Nevertheless most terms in the integral actually vanish apart from the following
two integrals:
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Xmax

1
/dtdgpldcpg [ — =53 3 tanh® psin® y sin 4,01]
T Xmin

A / tmax " [ et cosh? p tanh?® psin® y ] Amax
= —A4r
" e2t tanh? p + 2et tanh pcos x + 1

min Xmin

1 + tanh p cos x

=A4r [sinh2 psin? y < arctan [

h
] + arctan [—tan pt COSX]

sin y
tanh P COS X + e_tmi" :| |:COS X + etmax tanh p:| >:| Xmax
- — arctan -
tanh psin x sin x

tanh psin y

— arctan [

Xmin

2 _Z_I)_(E E_E_E> .
— 471'02 |:(O+0 5 5 5 + 5 5 (‘tmln,ma){’7 Pmax — OO)

(C.3)
= —4%2022 .

In (C.d), among two contributions —7 and 0 in the large round bracket, the first one,
i.e., —m, is the contribution from Y = Ymax and the second vanishing term is from
the lower boundary x = Xmix -

1 "2
/dtdgoldcpg [7”7 log <1 + %) 3 tanh® psin® y sin ¢y

Xmax

Xmin
—t + 2log(cosh p)+log (e’ +e~t+2 tanh p cos x) ] ¥
(et tanh? p+2 tanh p cos y+e~t)2

=A4r [tanh3 psin? y /dt sin ye
Xmin
(C.4)
On the lower boundary x = Xmin , the integrand develops no singularity in the limit
Xmin — 0. As for the behavior of the integrand at the boundary ¢ ~ tyin , tmax of the
domain of integration, we have

o~ tmax 2108(cosh pmax)

1 | 4

the integrand of (C4) — ;:nh pmax
—2tmine min gin Xmin

S X'min

Hence the integral is finite in the large pmax and the large |tmin max| limit. On the
other hand, the extra overall factor becomes zero in this limit:

tanh® Prmax sin® Xmin — 0.

Thus we have
the lower boundary contribution of (C4) — 0.

At the upper boundary x = Ymax, by the numerical analysis, we found that

the upper boundary contribution of (C4) — 47> (022 — Co4/1+ C3 + arcsinh(s) .

In summary, we obtain that

€49 - 4772( — C4/1+ C3 + arcsinh(s) .
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C.2 (AS)xprp0

The aim here is to evaluate the a- and ¢-dependence of the integral:

Xmax tmax
/ /d(vpl/ d‘/72 (Ag xeouoz]t. . (C.5)

min

The integrand is given by (B.11)) with (B.4), (B.9) and (B.10). Although the integrand

depends only on «, /-dependence may arise through the cutoffs.

Let us examine each of the terms in the integrand. First, the integrals of the terms
in (B.9) and (B:10) which are proportional to €3 vanish in the limit |tmin max| — 00 . This
is because the integrals of these terms can be rewritten as e~ ltminmaxl x [ dx(---) in which
the y-integral gives no divergence.

Next let us consider the term linear in e in (B.10) whose power is greater than the
previous case by e'. Although the contribution from the lower edge, t = tin, vanishes,
there may be non—tr1v1al contribution from the upper edge, t = tax - It is easy to check
the convergence of the integral in the limit ¢y, — 00 and ppax — 0o . What is more we
can also check that the contribution does not depend on «.. This is essentially because the
a-dependence is sub-leading with respect to e ‘max | as can be seen from the expression of
7 in (B.H) .'?> Hence we understand that the integral (C.§) does not depend on a nor on
¢ in the large |tmin max| and pmax limit.

D. Evaluation of S,

The boundary term .S, is composed of the two terms like

Pmax a£ tmax tmax 8£
w = dpdpid —Z dtdpid Z . D.1
S / pdp1dips L‘)Z ] +/t prdez 5 (D.1)

min tmin min Pmax

D.1 p-integral

It is easy to check that the large |tmin max| and pmax limit of the first term in (D-J) converges
to give the following expression:

N h2 (122 2 h4
—2J — 8—Cz/dp (cosh™p — C1)" + Gy cosh : (D.2)
T cosh? p(cosh? p — C12)\/cosh2 p—C:—C3 coth? p

Here we have summed contributions from two patches. From this expression, it is clear
that the first term of (D.I)) does not depend on « and ¢. In the case with k& ~ 1 and
C1 =1, (D) is reduced to the result of [22] as

2k
—.

(D.3)

121n the case with pmin = 0, we need to consider p-integral instead of x-integral. Then for the range
p ~ 0 the same argument can not be applied since r” can vanish. However, the a-independence can easily
be checked even for the range by Taylor expanding the log term in (@)
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D.2 t¢-integral

The t-integral of (D.J]) is given by (E1§)—(f:19). In the main text, we have performed the
p1-integral of the first term of (f.19). We consider here the second term. In the large
|tmin, max| and large pmax limit, the second term of ([L.19) will be estimated as

1. a=1

-1-C2
1+ C3

X = Xmin)
)
X Xmax)

(
(

—BC+AD—>{

2 .
D cosh pmaxy/1 4+ C5 (X = Xmin) 7
cosh pmaxy/1+ C% (X = Xmax)
0 (X = Xmin, t = tmaX)
- D 0 = Xmin, ¢ = tmin
¢ tanh <£> — be=x )
(
(

C+D 2 —+00 X = Xmax; t= tmax)
—00 X = Xmax, t = tmaX)

The integrand of ¢;-integral becomes as follows:

0 (X = Xmin, t = tmax)
0 (X = Xmin; t = tmin)
NC\/T+C3singr (X = Xmax: = tmax)
—NCy\/1+C3singr (X = Xmax; t = tmin)

2. a#£1

Cov'1 — a2 cos p1 cosh prax (X = Xmin)

Cov'1 — a? cos 1 cosh pmax (X = Xmax)

)

—BC+AD—>{

ovEm D7 VIOt s (6= )
V1—=a2cosh? prax (X = Xmax)

11—«
14+« (X:Xmim t:tmax)
11—« B .
C+D 2 14+«
1—« (X:Xma)u t:tmax)
14+«
k_ 1« (X:Xma)n t:tmin)




The integrand of ¢i-integral becomes as follows:

(

. 1«
(2N/7T)Cz2 sin o1 cos prarctan < T a> (X = Xmin, t = tmax)

. 1l—«a
—(2N/7)C2 sin 1 cos prarctan ( I a) (X = Xmin; t = tmin)

1 .
(2N/7T)C22 sin ¢ cos prarctan < 1 * a> (X = Xmax, t = tmax)
—

. 14+«
—(2N/7)C2 sin 1 cos prarctan ( T a) (X = Xmaxs t = tmin)

By performing ;-integral, we have

1. a=1:
tmax a£ 1 tmax 8£ 1

dtdpidps —-7| = —=Sx+4NCoy\/1+C2, / dtdprd Z| =—54.

/t;IliIl (’01 (702 82/ Xmax 2 A+ ’ + ? tmin 901 (102 aZ/ Xmin 2 .
2. a#1:

tmax a£ tmax 8£ 1
dtdprdps =—Z = dtdprdps =— 272 =—=54.
/t;IliIl o 82/ Xmax /t'min o 82/ Xmin 2 .

References

[1] J.M. Maldacena, The large-N limit of superconformal field theories and supergravity,

Theor. Math. Phys. 2 (1998) 231| [Int. J. Theor. Phys. 38 (1999) 1113 [hep-th/971120(];

S.S. Gubser, I.R. Klebanov and A.M. Polyakov, Gauge theory correlators from mon-critical
string theory, |Phys. Lett. B 428 (1998) 10§ [hep-th/9802109;

E. Witten, Anti-de Sitter space and holography, Adv. Theor. Math. Phys. 2 (1998) 253
[hep-th/980215Q].

2] S.-J. Rey and J.-T. Yee, Macroscopic strings as heavy quarks in large-N gauge theory and
anti-de Sitter supergravity, [Eur. Phys. J. C 22 (2001) 379 [lhep-th/9803001l].

3] J.M. Maldacena, Wilson loops in large-N field theories, |Phys. Rev. Lett. 80 (1998) 4859
lhep-th/9803007.

4] N. Drukker and B. Fiol, All-genus calculation of Wilson loops using D-branes, JHEP 02

(2005) 01( [hep-th/0501109].

5] C.G. Callan and J.M. Maldacena, Brane dynamics from the Born-Infeld action,

B 513 (1998) 198 [hep-th/9708147].

[

6] S. Yamaguchi, Wilson loops of anti-symmetric representation and D5-branes, JHEP 05

(2006) 037 [rep-th/0603204).

[
[

[

7] J. Gomis and F. Passerini, Holographic Wilson loops, VHEP 08 (2006) 074 [hep—th/0604007ﬂ.

8] J. Gomis and F. Passerini, Wilson loops as D3-branes, JHEP 01 (2007) 097
[hep-th/0612029.

9] J. McGreevy, L. Susskind and N. Toumbas, Invasion of the giant gravitons from
anti-de Sitter space, JHEP 06 (2000) 00 [hep-th/0003075].

— 30 —


http://www-spires.slac.stanford.edu/spires/find/hep/www?j=00203%2C2%2C231
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=00203%2C2%2C231
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=IJTPB%2C38%2C1113
http://arxiv.org/abs/hep-th/9711200
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHLTA%2CB428%2C105
http://arxiv.org/abs/hep-th/9802109
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=00203%2C2%2C253
http://arxiv.org/abs/hep-th/9802150
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=EPHJA%2CC22%2C379
http://arxiv.org/abs/hep-th/9803001
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PRLTA%2C80%2C4859
http://arxiv.org/abs/hep-th/9803002
http://jhep.sissa.it/stdsearch?paper=02%282005%29010
http://jhep.sissa.it/stdsearch?paper=02%282005%29010
http://arxiv.org/abs/hep-th/0501109
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB513%2C198
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB513%2C198
http://arxiv.org/abs/hep-th/9708147
http://jhep.sissa.it/stdsearch?paper=05%282006%29037
http://jhep.sissa.it/stdsearch?paper=05%282006%29037
http://arxiv.org/abs/hep-th/0603208
http://jhep.sissa.it/stdsearch?paper=08%282006%29074
http://arxiv.org/abs/hep-th/0604007
http://jhep.sissa.it/stdsearch?paper=01%282007%29097
http://arxiv.org/abs/hep-th/0612022
http://jhep.sissa.it/stdsearch?paper=06%282000%29008
http://arxiv.org/abs/hep-th/0003075

[10]

M.T. Grisaru, R.C. Myers and O. Tafjord, SUSY and Goliath, JHEP 08 (2000) 040
[hep-th/000801§).

A. Hashimoto, S. Hirano and N. Itzhaki, Large branes in AdS and their field theory dual,

K. Okuyama and G.W. Semenoft, Wilson loops in N =4 SYM and fermion droplets,

S.A. Hartnoll and S.P. Kumar, Higher rank Wilson loops from a matriz model, JHEP 0§

S. Yamaguchi, Semi-classical open string corrections and symmetric Wilson loops, JHEP 06

J.K. Erickson, G.W. Semenoff and K. Zarembo, Wilson loops in N = 4 supersymmetric

N. Drukker and D.J. Gross, An ezxact prediction of N =4 SUSYM theory for string theory, m

V. Pestun, Localization of gauge theory on a four-sphere and supersymmetric Wilson loops,

D.E. Berenstein, J.M. Maldacena and H.S. Nastase, Strings in flat space and pp waves from

S.S. Gubser, LR. Klebanov and A.M. Polyakov, A semi-classical limit of the gauge/string

N. Drukker and S. Kawamoto, Small deformations of supersymmetric Wilson loops and open

S. Dobashi, H. Shimada and T. Yoneya, Holographic reformulation of string theory on
AdSs x S° background in the PP-wave limit, |[Nucl. Phys. B 665 (2003) 94 [hep-th/0209251].

T. Yoneya, Holography in the large J limit of AdS/CFT correspondence and its applications,

A. Miwa and T. Yoneya, Holography of Wilson-loop expectation values with local operator

A. Tsuji, Holography of Wilson loop correlator and spinning strings, |Prog. Theor. Phys. 117

K. Zarembo, Open string fluctuations in AdSs x S® and operators with large R charge,

N. Drukker, S. Giombi, R. Ricci and D. Trancanelli, On the D3-brane description of some

V. Balasubramanian, M. Berkooz, A. Naqvi and M.J. Strassler, Giant gravitons in conformal

S. Corley, A. Jevicki and S. Ramgoolam, Fzact correlators of giant gravitons from dual
N =4 SYM theory, |[Adv. Theor. Math. Phys. 5 (2002) 809 [hep-th/0111223].

[11]
JHEP 08 (2000) 051] [nep—th/000801§].
[12]
06 (2006) 057 [hep-th/060420).
[13]
(2006) 024 [hep—th/06050217].
[14]
(2007) 079 [hep-th/0701059].
[15]
Yang-Mills theory, [Nucl. Phys. B 582 (2000) 155 [hep—th/0003058)].
[16]
Math. Phys. 42 (2001) 289¢| [hep-th/0010274].
[17]
prXiv:0712.2824.
[18]
N = 4 super Yang-Mills, JHEP 04 (2002) 013 [hep-th/0202021]];
correspondence, |[Nucl. Phys. B 636 (2002) 99 [hep—th/0204051].
[19]
spin-chains, JHEP 07 (2006) 024 [hep-th/0604124].
[20]
[21]
[Prog. Theor. Phys. Suppl. 164 (2007) 89 [hep-th/0607044].
[22]
insertions, JHEP 12 (2006) 060| [nep-th/0609007].
[23]
(2007) 557 [hep-th/060603(].
[24]
Rev. D 66 (2002) 105021 [hep-th/0209094).
[25]
1/4 BPS Wilson loops, JHEP 04 (2007) 00§ [hep-th/0612168].
[26]
field theory, |[JHEP 04 (2002) 034 [hep-th/0107119].
[27]
[28]

N. Drukker, D.J. Gross and H. Ooguri, Wilson loops and minimal surfaces, |Phys. Rev. D 6(

(1999) 125004 [hep-th/9904191l.

— 31 —


http://jhep.sissa.it/stdsearch?paper=08%282000%29040
http://arxiv.org/abs/hep-th/0008015
http://jhep.sissa.it/stdsearch?paper=08%282000%29051
http://arxiv.org/abs/hep-th/0008016
http://jhep.sissa.it/stdsearch?paper=06%282006%29057
http://jhep.sissa.it/stdsearch?paper=06%282006%29057
http://arxiv.org/abs/hep-th/0604209
http://jhep.sissa.it/stdsearch?paper=08%282006%29026
http://jhep.sissa.it/stdsearch?paper=08%282006%29026
http://arxiv.org/abs/hep-th/0605027
http://jhep.sissa.it/stdsearch?paper=06%282007%29073
http://jhep.sissa.it/stdsearch?paper=06%282007%29073
http://arxiv.org/abs/hep-th/0701052
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB582%2C155
http://arxiv.org/abs/hep-th/0003055
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=JMAPA%2C42%2C2896
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=JMAPA%2C42%2C2896
http://arxiv.org/abs/hep-th/0010274
http://arxiv.org/abs/0712.2824
http://jhep.sissa.it/stdsearch?paper=04%282002%29013
http://arxiv.org/abs/hep-th/0202021
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB636%2C99
http://arxiv.org/abs/hep-th/0204051
http://jhep.sissa.it/stdsearch?paper=07%282006%29024
http://arxiv.org/abs/hep-th/0604124
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB665%2C94
http://arxiv.org/abs/hep-th/0209251
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PTPSA%2C164%2C82
http://arxiv.org/abs/hep-th/0607046
http://jhep.sissa.it/stdsearch?paper=12%282006%29060
http://arxiv.org/abs/hep-th/0609007
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PTPKA%2C117%2C557
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PTPKA%2C117%2C557
http://arxiv.org/abs/hep-th/0606030
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHRVA%2CD66%2C105021
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHRVA%2CD66%2C105021
http://arxiv.org/abs/hep-th/0209095
http://jhep.sissa.it/stdsearch?paper=04%282007%29008
http://arxiv.org/abs/hep-th/0612168
http://jhep.sissa.it/stdsearch?paper=04%282002%29034
http://arxiv.org/abs/hep-th/0107119
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=00203%2C5%2C809
http://arxiv.org/abs/hep-th/0111222
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHRVA%2CD60%2C125006
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHRVA%2CD60%2C125006
http://arxiv.org/abs/hep-th/9904191

[29] D. Sadri and M.M. Sheikh-Jabbari, Giant hedge-hogs: spikes on giant gravitons,
[ B 687 (2004) 16| [hep-th/0312158].

[30] M. Sakaguchi and K. Yoshida, A semiclassical string description of Wilson loop with local
operators, [Nucl. Phys. B 798 (2008) 72| [arXiv:0709.4187].

[31] N. Drukker, D.J. Gross and A.A. Tseytlin, Green-Schwarz string in AdSs x S°: semiclassical
partition function, JHEP 04 (2000) 021 [hep-th/0001204].

[32] M. Sakaguchi and K. Yoshida, Non-relativistic string and D-branes on AdSs x S° from
semiclassical approzimation, JHEP 05 (2007) 051| [hep-th/0703061].

— 32 —


http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB687%2C161
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB687%2C161
http://arxiv.org/abs/hep-th/0312155
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB798%2C72
http://arxiv.org/abs/0709.4187
http://jhep.sissa.it/stdsearch?paper=04%282000%29021
http://arxiv.org/abs/hep-th/0001204
http://jhep.sissa.it/stdsearch?paper=05%282007%29051
http://arxiv.org/abs/hep-th/0703061

